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Pilot-Induced Oscillations Involving Multiple Nonlinearities

Mark R. Anderson¤

Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

A pilot-induced oscillation is a type of instability caused by dynamic coupling between the pilot and the aircraft.
Linear system analysis reveals that the pilot/aircraft system is unstable during the oscillation event. However,
nonlinearities in the feedback system can limit the response variables so that a sustained, constant amplitude limit
cycle results. A method is presented to analyze the limit cycle behavior of pilot/aircraft systems as a means of
understanding pilot-induced oscillations and their causes. A new computationaltechnique is considered and a new
method of testing limit cycle stability is presented. An analysisof the YF-12 pilot-induced oscillation characteristics
is used to demonstrate the method.

Introduction

A PILOT-INDUCED oscillation (PIO) is a complicated inter-
action between a pilot and aircraft that leads to a sustained,

and sometimes very large-amplitude, oscillation of the aircraft. It
is inherently characterized by a loss of stability margin in the pi-
lot/aircraft feedbacksystem. The oscillationcan occurwith motions
about any or all of the aircraft’s axes of symmetry. The oscillations
can also lead to destruction of the aircraft.

Many � ight test accidentshave been attributed to PIO problems.1

Most recently, both the YF-22 and JAS-39 Gripen prototypes have
crashed as a result of PIO incidents.2;3 Commercial aircraft also
are not immune to PIO problems.4 These recent incidents, however,
appear to be the result of multiple nonlinearities acting simultane-
ously that lead to a loss of stability margin. Examples of these dy-
namic phenomena include control system mode switching, control
surface rate limiting,nonlinearpilot control stick gradients,and sta-
bility augmentationsystem (SAS) limiting. Many of these dynamic
phenomena have been treated separately. For example, several ap-
proaches to dealing with control surface rate limiting have been
recently published.5¡7

Traditional methods for analyzing PIO tendencies do not con-
sider the effect of several nonlinear dynamic effects acting simulta-
neously.8 In addition, modern aircraft tend to have more inherent
motion coupling so that the pilot is required to control multiple
degrees of freedom at the same time. Therefore, new methods are
needed to study PIO behavior for multiaxis � ying tasks with many
nonlinear dynamic effects.

For many years, a PIO has been considered a special case of
nonlinear limit cycling.9 A limit cycle is a sustained oscillation
of a nonlinear system. The dynamics associated with pilot/aircraft
interaction are fundamentally nonlinear. In fact, both the pilot and
aircraft are very complicated nonlinear systems. Thus, limit cycle
analysis for systems with multiple nonlinearities is fundamental to
the development of new PIO analysis and prediction methods.

Anderson and Page10 have recently completed a study of multi-
variable describing function methods applied to the PIO problem.
Their work considers the effect of several, isolated nonlinear ele-
mentson the limit cyclebehaviorof thepilotand aircraftclosed-loop
system. Once a model of the pilot is developed,the closed-loopsys-
tem equations are formed, and numerical algorithms are used to
search for limit cycle solutions.The nonlinear elements studied in-
cluded actuator surface limiting and stability augmentation system
limiting. They were very successful in con� rming PIO susceptibil-
ity in the F-4 (degraded control system), M2-F2, and other NT-33
test con� gurations with known PIO characteristics.10;11
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There are numerousadvantagesto the analysismethoddeveloped
by Anderson and Page. First, several nonlinearities can be investi-
gated simultaneously.This phenomenon appears to be the cause of
many of the recent PIO incidents. Furthermore, the nonlinearities
can appear anywhere in the pilot/aircraft closed-loop system. The
nonlinearities might be associated with the pilot, the aircraft, the
� ight control system, or the hydraulic actuators. Last, the analysis
method reveals not only an estimate of the oscillation frequency,
but also the amplitudes of each signal in the feedback loop. There-
fore, large-amplitudeoscillationsthat could lead to dangerous� ying
characteristicsare readily identi� ed.

This paper represents a continuation of work by Anderson and
Page. In particular, a new limit cycle search algorithm is presented
in this paper that provides an alternative to the homotopy algorithm
studied in Ref. 11.The new algorithminvolvesa searchingtechnique
that can be readily adapted to a common optimization framework
and, therefore, does not require specialized numerical techniques.
Also, a new limit cycle stability result is derived in this paper. The
stability condition is very easy to calculate and provides important
information about the limit cycle behavior. Finally, results of a new
case study of the YF-12 aircraft are presented.

Pilot and Control Stick Modeling
During a sustained PIO, the pilot’s behavior and response are

intricately coupled with the dynamics of the airplane. Therefore,
to study PIO tendencies, consideration of human pilot dynamics is
essential. There are several possible analytical approaches to pilot
modeling that can be considered, including the classical crossover
models and the more recent optimal control models. For this ap-
plication, a simple gain and lag � lter will be used to represent the
human pilot. This model is similar to model proposed by Smith.12

The lag � lter in this case can represent either the pilot’s neuro-
muscular dynamics or the pilot’s inherent time delay. The lag � lter
will represent that the pilot cannot provide signi� cant control input
at higher frequencies. The time constant of the pilot lag can vary
among different pilots. Typically, the lag time constant is chosen
from 0 to 0.2 s.

The dynamics of the control stick or manipulatoralso play a very
important role in analyzing the PIO tendency of an airplane. The
control stickprovides the interfacebetween the pilot and the aircraft
and, therefore, it provides the interface between the coupling of the
two dynamic systems.

For many modern aircraft, the control stick consists of dynamic
elements shown in Fig. 1. Here it is assumed that the pilot reacts
to an attitude response error and applies a force input to the control
manipulator.The control stick has a force breakout of typically less
than 5 lb. The feel system converts the force command into a control
stick de� ection. Its dynamics are usually represented by a second-
order � lter. The natural frequencyof the feel system is typically less
than 30 rad/s.

The control stick obviously has maximum and minimum de� ec-
tion limits. The � nal control stick position is sent to the � ight con-
trol system. For older aircraft, the control stick position moved the
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Fig. 1 Typical control stick model.

Fig. 2 Control stick and pilot model.

Fig. 3 Control stick de� ection from the YF-22 PIO.

control surfaces directly and so a gearing mechanism was utilized.
Modern � y-by-wire aircraft typically use a stick position sensor to
create an analog or digital signal that is passed to the � ight control
computers electronically.

The control stick model shown in Fig. 1 includes two nonlinear
elements, the breakout and the stick travel limits. Because the dy-
namic feel system lies between these two nonlinear elements, it is
possible to study these nonlinearities individually. However, to re-
duce the complexity of the model, the dynamics of the feel system
will be neglected. The two nonlinear elements will be combined
into one element. The combined element is shown graphically in
the simpli� ed control stick and pilot model shown in Fig. 2. This
model will be used in subsequent analysis.

During a sustained PIO event, the pilot will increase the gain to
a level that is signi� cantly higher than normal. If the event occurs
near the groundor near other airplanes,one would expect the pilot to
apply abrupt control inputs in an attempt to quickly regain a steady
� ight condition.

It is a dif� cult task to determine the appropriate pilot gain factor
to represent the pilot in such an agitated state. However, a rough
estimate of the pilot gain can be obtained using data from previous
PIO events involving signi� cant nonlinear effects. The thick line in
Fig. 3 shows the pilot’s longitudinalcontrol stick de� ection history
of the YF-22 aircraft measured during the PIO event described in
Ref. 2. The thin line in Fig. 2 shows the stick de� ection predicted
by the pilot model in Fig. 2 with K p D 6 lb/deg. To generate the
predicted stick de� ection, it is assumed that the pilot is reacting to
the measured pitch attitude of the airplane in an open-loop sense.
The pilot gain was simply chosen so that the predicted stick de� ec-
tion approximately matched the measured stick de� ection. A force
gradient of Ks D 60 lb/in. was used, and stick travel limits of C0.6
and ¡0.25 in. were assumed.

Figure3 revealsthat thepredictedcontrolstickde� ectionmatches
the actual stick de� ection with a reasonabledegree of accuracy.The
pilot gain of 6 lb/deg is probablymuch larger than the pilot normally
uses to control the aircraft. However, one can see from Fig. 3 that
the pilot gain might be changing with time as well. Nevertheless, in
later analysis, we will considerpilot gains greater than this value as
possibly occurring during a sustained PIO event.

Limit Cycle Determination
Describing functions offer a useful way to analyze the effect of

multiple nonlinearities in a feedback diagram. To search for limit

cyclebehaviorusingthe describingfunctionapproach,thenonlinear
elements of the pilot/vehicle system must be isolated. The system
can then be separated into two parts. One part is completely linear
and the other part includes only memoryless nonlinearities such as
the deadbands and limiters described earlier.

Assume that the linear portion of the system includes an input
vector u and an output vector y. The following state-space model
will be used to represent this dynamic model:

Px D Fx C Gu (1)

y D Hx (2)

Note that the preceding state-space model can contain parts of the
aircraft,pilot, actuators,or control system. In other words, the linear
model state variables can come from several or all of these subsys-
tems.

The nonlinear elements in the feedback system will be replaced
by their single-input,sinusoidal,describing functions.The function
from y to u represents the quasilinear part of the system and is
represented by

u D N . y/y (3)

where N . y/ is a diagonalmatrixof describingfunctions.Eachquasi-
linear describing function depends on the amplitude of the signal
entering the nonlinear element. For example, the (1,1) element of
N . y/ depends on the amplitude of the signal y1.t/ and so on.

Combining the linear and quasilinear equations leads to the set
of homogeneous closed-loop system equations

Px D Ax (4)

where A D F C G N . y/H . These closed-loop equations are used
to search for limit cycle behavior.

We are interested in oscillatory solutions of the form x.t/ D
RefXe j!t g, where X is a vector of complex phasors and ! is the
limit cycle or PIO frequency. By taking the time derivative of x.t/
and substitutinginto theclosed-loopsystemequations,the following
equation results:

Ref j!Xe j!t g D A RefXe j!t g (5)

When the describing function matrix N . y/ stems from static, odd-
symmetric nonlinear elements, N . y/ will be real and, therefore, A
will be real. The closed-loop equations can then be written as

Ref j!Xe j!t g D RefAXe j!t g (6)

One cansee from this expressionthat an oscillatorysolutionis found
if X and ! satisfy

j!X D AX (7)

This suf� cient condition for the existence of limit cycle behavior
is very similar to an eigenvector/eigenvalue decomposition of the
matrix A. A solutionis foundwhen the matrix A has imaginaryroots
of § j!. However, recall that A dependson N .Y/ and Y dependson
X.Y D HX/, and so the equation is very nonlinear and sometimes
dif� cult to solve.

There are several algorithms available to search for limit cycles.
Some use the earlier described condition and attempt to determine
the conditionswhere the eigenvaluesof A are purely imaginary.13¡16

Other techniquessearch for only the real and imaginary parts of the
vector Y directly.17¡21 Almost all of the existing algorithms are
iterative methods because both solution approaches lead to a set of
nonlinear equations.

If a good initial guess of the solution can be obtained, a gradient-
based functionminimizationalgorithmcan be used to yield an exact
solution. Because the phasor vector X is complex, let

X D XR C jXI (8)

The suf� cient condition for existence of a limit cycle becomes

j!.XR C jXI / D A.XR C jXI / (9)
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or, combining real and imaginary terms,

.AXR C !XI / C j .AXI ¡ !XR / D 0 (10)

An objective function can be chosen as the magnitude of the given
complex vector equation. A limit cycle solution is found if V D 0
with

V D aT a C bT b (11)

where a D AXR C !XI and b D AXI ¡ !XR are both real vectors.
Many gradient-based function minimization algorithms can be

used to � nd the minimum value of V as it is de� ned in Eq. (11).
The unknown parametersof the problemare the elementsof XR and
XI along with the limit cycle frequency !. However, because the
phase angles in X can be expressed relative to one another, one can
arbitrarily set one element of either XR or XI to zero. The problem
then has 2n unknowns including the frequency ! (where n is the
dimension of x ).

A reasonable initial solution can be found using the eigenvec-
tor/eigenvalue decomposition of A and guesses for N .Y/. When
N .Y/ models only saturation nonlinearities, the magnitude of the
describingfunctionsin N .Y/ willvarybetweenzeroandunity. N .Y/
equal to the identity matrix indicates that no limiting is occurring.
One can then change the diagonal elements of N .Y/ from unity to
zero to represent increased levels of limiting.

Once N .Y/ is chosen, the matrix A can be found along with its
eigenvalues and eigenvectors. Recall that a limit cycle is found if
A has a pair of eigenvalues that are purely imaginary. Therefore,
reasonable initial solutions are found by simply varying N .Y/ and
checking the eigenvaluesof A. If a complexeigenvaluepair is found
with relatively small real parts, an initial guess for X is the eigen-
vector associatedwith this imaginary eigenvalue pair. Note that the
eigenvector may need to be scaled so that Y D HX yields magni-
tudes in Y that are consistent with the initial guess for N .Y/. The
initial guess of the limit cycle frequency would be the imaginary
part of the nearly imaginary eigenvalue.

Limit Cycle Stability
The state trajectory x.t/ of a stable limit cycle will return to

the limit cycle after it has been perturbed away from it. The state
trajectory of an unstable limit cycle will not return to its solution
after perturbation.Most PIOs are sustainedfor severalcycles,so that
stable limit cycles in the pilot/vehicle system are sought. Because
the limit cycle is predicted when one pair of eigenvalues is purely
imaginary, we are interested in � nding how the real part of the
eigenvalues change when the solution is perturbed.

Consider the spectral decompositionof A given by

A D
n

k D 1

¸k ukvT
k (12)

where the right eigenvectors uk satisfy ¸kuk D Auk and the left
eigenvectors vT

k satisfy vT
k ¸k D vT

k A. By de� nition of the earlier
spectral decomposition, the left and right eigenvectors are normal-
ized so that vT

k uk D 1.
Assume that the i th complex eigenvalue de� nes the limit cycle

solution, i.e., ¸i D ¾ C j! (but ¾ is equal to zero at the limit cycle
solution). The i th right eigenvector ui is proportional to the limit
cycle phasor X. Premultiply the equation ¸i ui D Aui by vT

i to yield

¸i vT
i ui D vT

i Aui (13)

Now suppose that A depends on a small perturbationparameter ½.
Take partial derivatives of Eq. (13) with respect to ½:

@¸i

@½
vT

i ui C ¸i
@vT

i

@½
ui C ¸i vT

i

@ui

@½
D

@vT
i

@½
Aui C vT

i

@ A

@½
ui C vT

i A
@ui

@½

(14)
Combining terms, we see that

@¸i

@½
vT

i ui D vT
i

@ A

@½
ui C

@vT
i

@½
.Aui ¡ ¸i ui / C vT

i A ¡ ¸i vT
i

@ui

@½
(15)

By the de� nitions of ui and vi , we note that the last two terms of
expression (15) are equal to zero. The new expression becomes

@¸i

@½
vT

i ui D vT
i

@ A

@½
ui (16)

and, because the eigenvectors are normalized so that vT
i ui D 1, we

get

@¸i

@½
D vT

i

@ A

@½
ui (17)

Finally, because we will only be interested in the real part of the
eigenvalue ¾ , its partial derivative becomes

@¾

@½
D Re vT

i

@ A

@½
ui (18)

To use this result to test for limit cycle stability, assume that the
amplitudeof the outputphasor Y is perturbedby an amount@½ . This
positive perturbation essentially moves the state trajectory outside
of the limit cycle solution. When the solution is perturbed outside
the existing limit cycle, the eigenvalueassociatedwith a stable limit
cycle should have a negative real part so that the trajectory will
shrink and return to the limit cycle.

Once Y is perturbed, the matrix A will also be perturbed through
N .Y/. By the de� nition of A, it should be clear that the partial
derivative of A with respect to ½ is given by

@ A

@½
D G

@N .Y/

@½
H (19)

Replacing this partial in Eq. (18) yields the � nal stability condition

@¾

@½
D Re vT

i G
@N .Y/

@½
Hui (20)

A stable limit cycle requires @¾=@½ < 0. A positive perturbation
@½ > 0 moves the trajectory outside the existing limit cycle and
requires a negative change in the real part of the eigenvalue@¾ < 0
to move the trajectory back to the limit cycle. Conversely, an un-
stable limit cycle will have @¾=@½ > 0. This stability requirement
is the same as those reported by other researchers.13;14;16 However,
the condition provided earlier is very easy to check due to the par-
ticular construction of the state-space model. The eigenvectors of
A are readily available when checking the limit cycle solution. The
partial of N .Y/ with respect to ½ can be computed analytically or
numerically using a � nite difference scheme.

Example
The YF-12 was a forerunner of the SR-71 reconnaissance air-

plane. In the early 1970s, NASA pilots experiencedPIO tendencies
during aerial refueling of this airplane.22 There were two distinct
tendencies noticed by the YF-12 pilots. One type of PIO was de-
scribed by the pilots as a bobbling motion at the cockpit that was
presumably caused by the � exing of the aircraft. The oscillations
were of small magnitude, but tended to be bothersome.The oscilla-
tions also tended to worsen as fuel was taken onboard the aircraft.
This oscillation tendency was characterized by pilot longitudinal
control stick inputs of less than 3 deg peak-to-peak. The control
inputs were continuous, particularly during the � nal portion of the
refuelingtask.The oscillationfrequencywas estimatedto be approx-
imately 6 rad/s. This frequency is hard to con� rm from the recorded
aircraft responses because the oscillations were very small.

A large amplitudePIO was also experiencedon at least two occa-
sions. One event was triggered by an overshoot of the longitudinal
trim system. The pilot took abrupt action to correct the trim overrun
just before hookup. The ensuing pitch oscillation lasted for several
cycles. Unfortunately, the aircraft had very limited instrumentation
so thatonly a few variableswere recorded.The oscillationfrequency
for this large-amplitudePIO is about 4 rad/s.
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Figure 4 shows a PIO analysis diagram that is appropriate for
the longitudinalaxis of the YF-12 airplane.Note that two nonlinear
elementsaremodeled.The � rst nonlinearelement N1. y1/ represents
the breakout and the control stick travel limit. The control stick
breakoutis b1 D 5 lb, the travel limit is d1 D 25 lb, and the feelspring
constant is Ks D 0:5 deg/lb. The gearinggain is Kg D 0:74 deg/deg.
As already discussed, a nonlinear element combining the breakout
and stick travel limits will be used for this analysis. The describing
function for this element is23

N1.Y1/ D Ks [ f .°2/ ¡ f .°1/] (21)

where °1 D b1=R1; °2 D d1=R1 and R1 is the amplitude of y1, i.e.,
R1 D jY1j. The saturation function f .° / is given by

f .° / D .2=¼/[sin¡1 ° C ° 1 ¡ ° 2] j° j · 1 (22)

For stability analysis, one also needs the partial of the describing
function with respect to the signal amplitude. In this case, the (1,1)
element of @ N .Y/=@½ is

@N1.Y1/

@½
D 4Ks

¼ R1
°1 1 ¡ ° 2

1 ¡ °2 1 ¡ ° 2
2 (23)

The second nonlinear element N2. y2/ models the limiter placed
on the output of the lead/lag stability augmentation � lter. The SAS
limits the feedback commands to d2 D 2:5 deg. The describing
function for this element is

N2.Y1/ D f .°3/ (24)

where °3 D d2=R2 and R2 D jY2j. The partial derivative of this
describing function is

@ N2.Y2/

@½
D ¡ 4°3

¼ R2
1 ¡ ° 2

3 (25)

The � ight condition of interest is Mach 0.77 at an altitude of
25,000 ft. The transfer functions modeling the airplane, actuator,
and lead/lag SAS � lter are, respectively,

G p.s/ D 6.s C 0:8/

s.s2 C 1:5s C 4/
C 5:17

s2 C 1:57s C 246

deg

deg
(26)

Gh.s/ D 6.s C 0:8/

s2 C 1:5s C 4
deg

deg=s
(27)

A.s/ D 34
s C 34

deg

deg
(28)

H .s/ D 0:375.s C 8/

.s C 4/

deg

deg
(29)

Fig. 4 YF-12 PIO analysis diagram.

A state-space model that represents the linear part of the YF-12
blockdiagramis shown in Table 1. The state vector for this model is

x D

angle-of-attack(deg)

pitch rate (deg/s)

pitch attitude (deg)

� ex pitch attitude (deg)

� ex pitch rate (deg/s)

elevon (deg)

pilot lag (deg)

SAS lag (deg)

(30)

The SAS lag state variable is associatedwith theSAS � lter H .s/ and
the elevonstatevariablestems fromthe elevonactuator A.s/. The pi-
lot lag state variable comes from the lag pilot model shown in Fig. 4.
The input vector uT D [u1 u2] and output vector yT D [y1 y2] are
labeled and de� ned in Fig. 4 as well.

Figure5 shows the limit cycle frequenciesthat are foundwhen the
pilot gain and lag time constantsarevaried.There are essentiallytwo
types of limit cycles predicted.The solutions labeled low frequency
haveoscillationfrequencieson the orderof 4–6 rad/s, whereas those
labeled high frequency oscillate at nearly 16 rad/s.

The solid curves in Fig. 5 represent stable limit cycles, whereas
the dashed curves are unstable limit cycles. As an example, Fig. 5
reveals that both a stable and an unstable limit cycle exist for a pilot
gain of 20 lb/deg and a lag time constant of 0.15 s. For comparison,
Table 2 lists the stability properties associated with these two limit
cycles. The value of the describing functions N1. y1/ and N2. y2/

Table 1 State-space model for YF-12 PIO analysis

F D
¡0:904 1:0 0 0 0 0:18 0 0
¡3:486 ¡0:609 0 0 0 6:084 0 0

0 1:0 0 0 0 0 0 0
0 0 0 0 1:0 0 0 0
0 0 0 ¡246:49 ¡1:57 5:176 0 0
0 0 0 0 0 ¡34:0 0 0
0 0 1=¿n 1=¿n 0 0 ¡1=¿n 0
0 0:375 0 0 0 0 0 ¡4:0

G D

0 0
0 0
0 0
0 0
0 0

25:16 ¡34:0
0 0
0 0

H D
0 0 0 0 0 0 ¡K p 0
0 0:375 0 0 0 0 0 4:0
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Table 2 Limit cycle stability properties (Kp = 20 lb/deg
and ¿n = 0.15 s)

Parameter Stable limit cycle Unstable limit cycle

N1. y1/ 0.17 0.34
N2. y2/ 0.30 0.77
Closed-loop ¡0.65 ¡0.72

eigenvalues ¡3.78 ¡3.67
0.00 § j3.90 0.00 § j5.04

¡8.88 ¡10.56
¡0.63 § j15.67 ¡0.46 § j15.68

¡33.17 ¡31.88
@¾=@½ C0:03 C0:23

Fig. 5 Predicted limit cycle frequencies.

Fig. 6 Predicted aircraft pitch rate amplitude.

are listed � rst in Table 2. These values reveal that stable limit cycle
yields a much higher level of signal saturation than the unstable
case. This result indicates that the signal amplitudes of the stable
limit cycle will be larger than the unstable limit cycle.

Next, Table 2 lists the eight system eigenvalues for each limit
cycle. From the eigenvaluelist, one can con� rm that the stable limit
cycle will oscillate at frequencynear 3.9 rad/s because of the purely
imaginary eigenvalue pair located at this frequency. Similarly, the
unstable limit cycle will oscillate at about 5.0 rad/s. Note that all of
the rest of the eigenvaluesare stable (negativerealpart) in each case.

The stabilityparameter@¾=@½ also is listed in Table 2 for the two
limit cycle solutions. As expected, the stability parameter of the
unstable limit cycle has a large positive value (C0.23). However,
the stability parameter of the stable-limit-cyclecase is also slightly
positive (C0.03). Based on the stability parameter alone, one might
then assume that both limit cycles are unstable. Nonlinear simula-
tions (presented later) con� rm that indeed the stable limit cycle is
stable. The error in predicting limit cycle stability is because the
describing function analysis is only an approximation of the actual
nonlinearsystembehavior.Therefore,the stabilitypredictionsbased
on the stability parameter @¾=@½ are not exact and can sometimes
be conservative.

Figure 6 shows the aircraft pitch rate amplitude for each limit
cycle. From this graph, one can see that low-frequency pitch rate
oscillationamplitudesof greater than 15 deg/s are possible for pilot
gains as low as 10 lb/deg. In general, the amplitudes of the stable
oscillations increase as pilot gain increases. Also, it should be ob-

vious that the amplitudes of the high-frequencysolutions are much
smaller than the low-frequency limit cycles.

Figure 6 also reveals the mechanism through which the YF-12
pilots apparently experienced both low- and high-frequencyPIOs.
When the lag time constant is small, a larger pilot gain is needed to
cause a low-frequencylimit cycle.This characteristicmeans that the
pilot can perform much tighter tracking without worry of exciting
the low-frequency limit cycles. However, the opposite is true for
the high-frequencysolutions.A lower pilot gain is needed to excite
a high-frequency limit cycle when the pilot’s lag time constant is
small. Consequently, for a large but � xed pilot gain, either a low-
or high-frequency solution is possible depending on the lag time
constant. For example, consider the case where the pilot’s gain is
30 lb/deg. A lag time constant of 0.05 s yields a high-frequency,
low-amplitude limit cycle. A lag of 0.10 s leads to a low-frequency,
high-amplitude limit cycle.

Figure 7 shows the low-frequency, large-amplitude oscillation
that is obtained when K p D 20 lb/deg and ¿n D 0:15 s. The thin line
shows the limit cycle obtained by a nonlinear simulation of the
pilot/aircraft system shown in Fig. 4. A 6-deg pitch attitude offset
has been added to the simulated pilot/aircraft system to match the
trim offset of the aircraft response recorded in � ight (thick line).
Note that the amplitudes of both pitch attitude and pitch rate are
consistentwith the � ight record.The largestdifference in these time
responsesis the rateat which theoscillationsgrow in amplitudefrom
the initial conditions. It appears that the � ight data reaches the limit
cycle conditionsmuch quicker than the simulated data. The growth
rate, however, is largely dependent on the pilot gain and may be
dif� cult to match using a constant gain pilot model.

The oscillationfrequencyis 3.9 rad/s for this low-frequencycase.
Figure 8 shows the vertical acceleration that was recorded in � ight
(thick line) compared to the simulated time response (thin line).
One can see from Fig. 8 that the limit cycle frequency compares
well with PIO frequencyof 4.2 rad/s that was experienced in � ight.

The pitch rate amplitude experienced by the aircraft during the
high-frequency PIO events were less than about 3 deg/s. Figure 9
shows the high-frequency limit cycle that is possible when K p D
30 lb/deg and ¿n D 0:05 s. This limit cycle was very dif� cult to sim-
ulate because, after a nonzero initial pitch attitude, the system tends
to be attracted to the nearby low-frequency limit cycle. However, if
a 15 rad/s oscillating disturbance is added to the aircraft response
and is held for 5 s and released, the pilot/aircraft system eventually

Fig. 7 Predicted limit cycle (Kp = 20 lb/deg and ¿n = 0.15 s) and mea-
sured pitch attitude/rate characteristics.

Fig. 8 Predicted limit cycle (Kp = 20 lb/deg and ¿n = 0.15 s) and mea-
sured vertical acceleration.
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Fig. 9 Predicted high-frequency limit cycle (Kp = 30 lb/deg and ¿n =
0.05 s).

settles into the limit cycle shown in Fig. 9. Note that the amplitudes
of the high-frequency limit cycle are very small but are consistent
with the values reported in � ight. The oscillation frequency of this
case is nearly 16 rad/s.

Conclusion
Analyzing limit cycle characteristics for systems with multiple

nonlinearities is a valuable technique for the study of PIOs. The
nonlinearities inherent in the pilot’s control stick dynamics can act
in conjunction with other system nonlinearities such as actuator or
stability-augmentation system limits to set up conditions for limit
cyclesto exist.The techniquepresentednotonly con� rms the ampli-
tude of the oscillations but also the frequency of the oscillations.A
new computationalmethod is also presented to estimate limit cycle
stability.

Analysis of the YF-12 aircraft revealed that both high- and low-
frequencyPIOs are possible.The low-frequencyoscillationsare as-
sociatedwith large-amplitudemotion and relatively low pilot gains.
The high-frequencyoscillationsare characterizedby very small air-
craft responses, high pilot gains, and small pilot lag time constants.
The results also con� rmed that some combinations of pilot gain
and lag lead to two possible stable limit cycles. Which limit cycle
would occur in practice would depend on the initial conditions that
were experienced. The characteristics of these limit cycles closely
matched the reported � ight test experiences.
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